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INTRODUCTIONINTRODUCTION--I.I.
�� Uncertainty ≠ ErrorUncertainty ≠ Error

•• Uncertainty expresses our Uncertainty expresses our 

incomplete knowledgeincomplete knowledge

�� Types of uncertaintiesTypes of uncertainties::

•• LocalLocal

•• RegionalRegional

•• It can not be eliminatedIt can not be eliminated

•• locations/grid nodeslocations/grid nodes

•• Above a reservoirAbove a reservoir•• RegionalRegional

•• ModelModel

�� Regionalized variableRegionalized variable

•• Multidimensional Multidimensional 

probability distributionprobability distribution

�� Random variable around Random variable around a a 

grid point or well locationgrid point or well location

�� There is a function which There is a function which 

connects themconnects them

•• Above a reservoirAbove a reservoir

•• Used equation systemUsed equation system

•• Local uncertaintyLocal uncertainty

•• Regional uncertaintyRegional uncertainty



INTRODUCTIONINTRODUCTION--II.II.

•• For derivation localFor derivation local PDF’sPDF’s

•• For derivation many For derivation many 
realizations of that realizations of that 
random function which random function which 

•• Simulation Simulation ofof local local 
uncertaintyuncertainty

•• Simulation Simulation ofof regional regional 
uncertaintyuncertainty

SEQUENTIAL SIMULATIONSSEQUENTIAL SIMULATIONS

random function which random function which 
conectsconects the local PDF’s in the local PDF’s in 
the spacethe space

KEY QUESTIONS:KEY QUESTIONS:

•• How many realizations would be enough to get How many realizations would be enough to get 
stable description of local uncertaintiesstable description of local uncertainties??

•• Does this number depends on grid resolution? How?Does this number depends on grid resolution? How?



GOALSGOALS
�� convergence convergence of the multidimensional of the multidimensional 

conditional distributions derived from conditional distributions derived from increasing increasing 

subset sizes of 100 realizations subset sizes of 100 realizations which are which are 

originated from originated from sequential indicator simulationsequential indicator simulation

of wellof well--averaged porosity data.averaged porosity data.

�� how the how the local and regional uncertainty local and regional uncertainty 

((GoovaertsGoovaerts, 2006) can be formulated by the , 2006) can be formulated by the 

terminology of terminology of variance componentsvariance components. . 

�� The The first two momentsfirst two moments::

•• Average/expected valueAverage/expected value

•• VarianceVariance

�� Variance decompositionVariance decomposition

•• Within group variance Within group variance 
(WGV)(WGV)terminology of terminology of variance componentsvariance components. . 

�� how criterions for assessing the goodness of how criterions for assessing the goodness of 

simulations given by Deutsch (1997), simulations given by Deutsch (1997), 

GoovaertsGoovaerts (1999, 2006) and Emery (2008) can (1999, 2006) and Emery (2008) can 

be supplemented on the basis of the theory of be supplemented on the basis of the theory of 

variance decomposition.variance decomposition.

�� an example for the process we suggestan example for the process we suggest

(WGV)(WGV)

•• Between group variance Between group variance 
(BGV)(BGV)

�� ConvergencesConvergences of  WGV and of  WGV and 
BGVBGV

�� Turbidity reservoirTurbidity reservoir



SEQUENCE OF MULTIDIMENSIONAL SEQUENCE OF MULTIDIMENSIONAL 
DISTRIBUTIONSDISTRIBUTIONS

�� Set containing Set containing I I ℓℓ stochastic realizations stochastic realizations 
((ℓ=1,2,…,Lℓ=1,2,…,L) ) 

�� Subsets from Subsets from I I ℓ ℓ ::

•• ℓℓ=1=1
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SEQUENCE OF THE GRID SEQUENCE OF THE GRID 
AVERAGESAVERAGES

�� an average value calculated for an average value calculated for SSℓℓ

under under gg grid resolution.grid resolution.

�� a sequence of averages for a sequence of averages for 

increasing increasing ℓℓ
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ABOUT THE CONVERGENCE OF ABOUT THE CONVERGENCE OF 
GRID AVERAGESGRID AVERAGES

�� Valid only Valid only for the underlying for the underlying gg grid grid geometry since geometry since 

•• stationary is the property of the multivariate random stationary is the property of the multivariate random 

function and function and notnot that of the underlying geological that of the underlying geological 

lim g gSE E
→∞

=
l

l

function and function and notnot that of the underlying geological that of the underlying geological 

process;process;

•• this random function this random function may change may change with the change of with the change of 

scale. scale. 

�� It is It is conditioned to conditioned to 

•• the original the original data set data set 

•• spatial configurationspatial configuration. . 

�� A kind of A kind of ‘conditional convergence’‘conditional convergence’..



VARIANCE DECOMPOSITIONVARIANCE DECOMPOSITION--II
�� There are There are LL stochastic images stochastic images aboveabove NN grid grid 

nodesnodes
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�� OneOne--way ANOVAway ANOVA: : there is there is a set of a set of LNLN values values 
which are nested within which are nested within NN nodesnodes
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VARIANCE DECOMPOSITIONVARIANCE DECOMPOSITION--IIII
AveragesAverages

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ

ℓℓ AVERAGE FROM AVERAGE FROM NℓNℓ
VALUEVALUE

ONE AVERAGE ONE AVERAGE FOR THE 
SET OF ℓ REALIZATIONS

GRIDGRID--
ℓℓ ℓℓ ℓℓℓℓℓℓℓℓ

AVERAGES FOR EACH AVERAGES FOR EACH 
NODES FROM THE NODES FROM THE ℓℓ
SIMULATED VALUESSIMULATED VALUES

EE--TYPE ESTIMATIONTYPE ESTIMATION

GRIDGRID--
AVERAGEAVERAGE

NODENODE--
AVERAGESAVERAGES

ℓℓ ℓℓ ℓℓ ℓℓ ℓℓ ℓℓ

ℓℓ ℓℓ ℓℓ ℓℓ ℓℓ ℓℓ

ℓℓ ℓℓ ℓℓℓℓℓℓℓℓ

ℓℓ ℓℓ ℓℓℓℓℓℓℓℓ



VARIANCE DECOMPOSITIONVARIANCE DECOMPOSITION--IIIIII
WithinWithin--group and betweengroup and between--group variancesgroup variances
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1
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It measures variance of the variance of the 
nodenode--averagesaverages (group 

averages) around the grid around the grid 
averageaverage (main-average). 

AROUND THE GRID AVERAGEAROUND THE GRID AVERAGE
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It measures how individual individual 
values values (simulated node values) (simulated node values) 

deviate from their particular deviate from their particular 
node average node average (group average)(group average). 

AROUND THE GRID-NODE  
AVERAGES

AROUND THE GRID-NODE  
AVERAGES



INTERPRETATION OF WGVINTERPRETATION OF WGV

2

1

1 m

i i
i

WGV n
SUM

σ
=

= ⋅∑

It measures how individual values 
deviate from the group average in 

the whole sample. 
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The smaller the WGV the more stable the estimations The smaller the WGV the more stable the estimations can be derived at grid nodes , in 
average.

This component measures the average stability of our estimation at grid nodes in the measures the average stability of our estimation at grid nodes in the ℓℓ
realizationsrealizations.

Its convergence means that the estimation stability approaches such a value which the estimation stability approaches such a value which 
can not be decreased so far within the simulation method and the can not be decreased so far within the simulation method and the gg grid resolutiongrid resolution. 

The limit is the accesible maximum estimation stability



INTERPRETATION OF BGVINTERPRETATION OF BGV

( )
1

1 m

i i
i

BGV n x X
SUM =
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It measures variance of the group 
averages (node averages) around the 

main average (grid-average). 

Node averages show a direct relation to the underlying geological processa direct relation to the underlying geological processNode averages show a direct relation to the underlying geological processa direct relation to the underlying geological process

The more heterogeneous The more heterogeneous this geological background the larger the variance being the larger the variance being 
measured between node averagesmeasured between node averages.

It can reflect the degree of lateral heterogeneitythe degree of lateral heterogeneity of that geological process which is 
transformed to the grid.

The limit of the sequence of between-group variances is exactly that variance which in 
this situation measures the variability between grid nodes.

In the limit, the E-type grid shows that lateral heterogeneity which will not change so that lateral heterogeneity which will not change so 
far under the used simulations algorithm and grid resolutionfar under the used simulations algorithm and grid resolution. 



RELATIONS BETWEEN WGV AND BGVRELATIONS BETWEEN WGV AND BGV--II

�� Under the given ℓ realizations, Under the given ℓ realizations, the the 
heterogeneity of the geological process heterogeneity of the geological process 
is higher than the average estimation is higher than the average estimation 
stabilitystability obtained at grid nodesobtained at grid nodes

�� Under the given grid resolution, Under the given grid resolution, the total the total 
variance of the variance of the EE--type grid type grid can rather can rather 
be drawn back be drawn back to the underlying to the underlying 

�� there is there is no way for changing no way for changing this this 
relation without altering either the relation without altering either the 
simulation algorithm or the grid simulation algorithm or the grid 
resolution.resolution.

�� in general in general the actual grid resolution and the actual grid resolution and 
simulation algorithm are simulation algorithm are adequateadequate to the to the 

IfIf (WGV < BGV) and (ℓ < ∞)(WGV < BGV) and (ℓ < ∞) IfIf (WGV < BGV) (WGV < BGV) inin thethe limitlimit

be drawn back be drawn back to the underlying to the underlying 
geologygeology than the instability of the than the instability of the 
estimation method applied.estimation method applied.

�� The pooled The pooled ℓℓ realizations on the given realizations on the given 
grid resolution grid resolution can be acceptedcan be accepted, , 
because it reflects mostly the underlying because it reflects mostly the underlying 
geologygeology

�� Since Since ℓℓ is finite, is finite, there is there is a possibility a possibility 
for changing this relationfor changing this relation if the if the 
number realization is increased.number realization is increased.

simulation algorithm are simulation algorithm are adequateadequate to the to the 
given problem. At least in the sense that if given problem. At least in the sense that if 
ℓℓ is large enough, the Eis large enough, the E--type estimation of type estimation of 
the pooled realizations will be affected the pooled realizations will be affected 
mainly by the geological situation and not mainly by the geological situation and not 
the instability of the nodethe instability of the node--estimation estimation 
processes.processes.



RELATIONS BETWEEN WGV AND BGVRELATIONS BETWEEN WGV AND BGV--IIII

�� under the given under the given ℓℓ realizations realizations the the 
revealed lateral heterogeneity of revealed lateral heterogeneity of 
the underlying geological process is the underlying geological process is 
smaller than the average smaller than the average 
estimation stability estimation stability obtained at grid obtained at grid 
nodes.nodes.

�� under the given grid resolution, under the given grid resolution, the the 

�� there is there is no way for changing no way for changing 
this relationthis relation without altering without altering 
either the simulation algorithm or either the simulation algorithm or 
the grid resolutionthe grid resolution..

�� in general in general the actual grid the actual grid 
resolution and simulation resolution and simulation 

IfIf (WGV > BGV) and (ℓ < ∞)(WGV > BGV) and (ℓ < ∞) IfIf (WGV > BGV) (WGV > BGV) inin thethe limitlimit

�� under the given grid resolution, under the given grid resolution, the the 
total variance of the total variance of the EE--type grid is type grid is 
mainly controlled by the mainly controlled by the 
instability of estimationinstability of estimation method method 
applied.applied.

�� the pooled the pooled ℓℓ realizations on the realizations on the 
given grid resolution given grid resolution cannot be cannot be 
acceptedaccepted, because it does not , because it does not 
reflect the geology.reflect the geology.

�� since since ℓℓ is finite, is finite, there is there is a a 
possibility for changing this possibility for changing this 
relationrelation if the number realizations if the number realizations 
is increased.is increased.

resolution and simulation resolution and simulation 
algorithm are algorithm are not adequatenot adequate to to 
the given problem. At least in the the given problem. At least in the 
sense that if sense that if ℓℓ is large enough, is large enough, 
the Ethe E--type estimation of the type estimation of the 
pooled realizations will be affected pooled realizations will be affected 
mainly by instability of the local mainly by instability of the local 
estimations.estimations.



APPROXIMATION OF THE LIMITAPPROXIMATION OF THE LIMIT
�� the limit must be existing;the limit must be existing;

�� the “tendency” of the the “tendency” of the 
members of sequences can members of sequences can 
be evaluated from the finite be evaluated from the finite 
number of  membersnumber of  members

�� UnquestionablyUnquestionably

�� Rather ‘hope’…Rather ‘hope’…

The analytical form of the sequences can be approximated by a bounded, a bounded, 
monotonmonoton, non, non--linear regression, if its domain is restricted to the set of linear regression, if its domain is restricted to the set of monotonmonoton, non, non--linear regression, if its domain is restricted to the set of linear regression, if its domain is restricted to the set of 
integer numbersinteger numbers

since the convergence does not depend on omitting finite number since the convergence does not depend on omitting finite number of 
members,

If ℓℓminmin be that particular serial number from which this approximation can be from which this approximation can be 
donedone, then

ℓℓminmin gives the minimum number of realizations which is gives the minimum number of realizations which is necessarynecessary but but 
not sufficient not sufficient for assessing the regional uncertainty.for assessing the regional uncertainty.



CONVERGENCE OF WITHIN GROUP VARIANCESCONVERGENCE OF WITHIN GROUP VARIANCES
(average estimation stability)(average estimation stability)
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CONVERGENCE OF BETWEEN GROUP VARIANCESCONVERGENCE OF BETWEEN GROUP VARIANCES
(revealed average geological heterogeneity)(revealed average geological heterogeneity)
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10x10 m

CRITERIA FOR ‘GOOD’ AND CRITERIA FOR ‘GOOD’ AND 
‘WRONG’ ESTIMATIONS ‘WRONG’ ESTIMATIONS 

Lateral Lateral 
heterogeneity of heterogeneity of 
porosity between porosity between 
grid pointsgrid points<<

Average Average 
uncertainty of uncertainty of 

estimations at grid estimations at grid 
pointspoints

‘GOOD’ ‘GOOD’ 
ESTIMATIONSESTIMATIONS

‘WRONG’ ‘WRONG’ 
ESTIMATIONSESTIMATIONS

10x10 m

35x35 m

20x20 m
25x25 m

30x30 m

15x15 m

Lateral Lateral 
heterogeneity of heterogeneity of 
porosity between porosity between 
grid pointsgrid points>>

Average Average 
uncertainty of uncertainty of 
estimations at estimations at 

grid pointsgrid points

ESTIMATIONSESTIMATIONS ESTIMATIONSESTIMATIONS



CONSEQUENCECONSEQUENCE
�� “How many realizations are enough for “How many realizations are enough for 

reaching a ‘good’reaching a ‘good’ spatial average?”spatial average?”

•• Note: “if the limit has to be approached Note: “if the limit has to be approached 
within a particularwithin a particular ((εε

00
)) deviationdeviation””

•• this question can be drawn back to the this question can be drawn back to the •• this question can be drawn back to the this question can be drawn back to the 
Heine’s definition of convergence Heine’s definition of convergence 

the the infinuminfinum of the set of              is the of the set of              is the 
requested solution.requested solution.

( )0 0,g gSE E ε− < <
l

l l

( ) ( )0 0 0
g g gSE E SE ifε ε− < < + <
l l

l l

{ }0>l l l



SUMMARYSUMMARY
�� RelationsRelations

•• WGV             Estimation stability/heterogeneityWGV             Estimation stability/heterogeneity

•• BGV              Regional/Geological heterogeneityBGV              Regional/Geological heterogeneity

�� Another criterion for assessing the goodness of Another criterion for assessing the goodness of 

simulationsimulationsimulationsimulation

�� Criterion for the Criterion for the necessary and sufficient necessary and sufficient number of number of 

realizationsrealizations

g g g gWGV WGV BGV BGV
→∞ →∞
⇒ < ⇒

l l
l l

( )0 0,g gSE E ε− < <
l

l l

( ) ( )0 0 0
g g gSE E SE ifε ε− < < + <
l l

l l
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